MOTIVIC OBSTRUCTION TO RATIONALITY
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ABSTRACT. Let S be a smooth projective surface over a field. We introduce
the notion of integral decomposability and, respectively, the opposite notion of
integral indecomposability, of the transcendental motive M2 (S). If the tran-
scendental motive is indecomposable rationally, then it is indecomposable inte-
grally. For example, M2 (S) is rationally, and hence integrally indecomposable
if S is an algebraic K 3-surface whose motive is known to be finite-dimensional.
In the paper we prove that M2 (9) is integrally indecomposable when S is the
self-product of a smooth projective curve having enough morphisms onto an
elliptic curve with complex multiplication. This applies, for example, when S
is the self-product of the Fermat sextic in P2. Some refinement of the same
technique yields that M2 (Ss) is integrally indecomposable, where Sg is the
Fermat sextic in P3. This suggests a conjecture saying that the transcenden-
tal motive of any smooth projective surface is integrally indecomposable. We
prove in the paper that if this motivic integral indecomposability conjecture is
true, and if the motive of any smooth projective surface is finite-dimensional,
then a very general cubic hypersurface in P® is not rational.

CONTENTS
1. Introduction 1
2. Preliminaries and notation 4
3. Essential (in)decomposability of motives 9
4. The self-product of a curve mapped onto a CM elliptic curve 16
5. The transcendental motive of the Fermat sextic in P? 32
6. Two motivic conjectures and cubic hypersurfaces in P? 41
References 45

1. INTRODUCTION

A well-known conjecture in algebraic geometry says that a very general cubic
hypersurface in P® is not rational. Since such fourfolds are unirational, the con-
jecture is a particular case of the Liiroth problem. Whereas the Liiroth problem
for cubic threefolds was solved by means of abelian invariants, [14], the numerous
attempts to develop an analog of the Clemens-Griffiths theory, which would be
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appropriate in dimension 4, have not achieved the desired result yet. The reason
for that is possibly rooted in the existence of phantom subcategories discovered
in [9], [10] and [18].

A well-known birational invariant of cycle-theoretic nature is the Chow group
of 0-cycles modulo rational equivalence on a variety over a non-algebraically
closed field. The recent developments along this line include the notion of C'Hy-
triviality introduced in [3]. In [36] Voisin proved that CHy-nontriviality is a
deformable property in families, and used this to prove the stable non-rationality
for the desingularization of a very general quartic double solid with at most seven
nodes. In [13] Colliot-Thélene and Pirutka used similar method to prove the
existence of not stably rational smooth quartic hypersurfaces in P*.

However, as we do not know a single example of a nonrational cubic fourfold in
IP°, it is not clear how to use the deformation of C' Hy-nontriviality in the striking
dimension 4 case. Our aim in this paper is to develop a motivic obstruction to
rationality of a very general cubic fourfold in P°, which would avoid the difficulties
above. There are two advantages of the motivic approach presented in this paper.
The first one is that there is no phantom submotives in a motive, provided it is
finite-dimensional, see Proposition 7.5 in [22]. The second advantage is that the
obstruction to rationality of a fourfold is given in terms of rational equivalence
of O-cycles on surfaces, rather than on the fourfold itself.

To explain the idea, let X be a smooth projective connected variety of dimen-
sion n over a field, and let CH"(X x X) be the Chow group of codimension n
algebraic cycles modulo rational equivalence on X x X, with coefficients in Z.
Recall that an algebraic cycle class = € CH™(X x X) is said to be balanced,
if = is a sum of classes represented by algebraic cycles supported on Y x X or
X x Z, where Y and Z are closed subschemes of positive codimension in X. We
will say that = is essential, if it is not torsion, not numerically trivial and not
balanced in CH™(X x X). The motive M (X) is said to be integrally essentially
decomposable, if the diagonal class A of the variety X can be presented as a
sum of two orthogonal essential idempotents in CH?*(X x X). Otherwise, M (X)
is integrally essentially indecomposable. For example, the motive of a smooth
projective curve is essentially indecomposable.

If S is a smooth projective surface over a field, its Albanese kernel is con-
trolled by the transcendental motive M2 (S) introduced in [21]. Although MZ(S)
lives in the category of Chow motives with coefficients in @Q, integral essen-
tial (in)decomposability of the entire motive M (S) can be viewed as integral
(in)decomposability of the transcendental motive M2 (S).

Clearly, if M2(S) is indecomposable rationally, then it is indecomposable in-
tegrally. For example, if S is an abelian surface isogenous to the self-product of
an elliptic curve with complex multiplication over a field of characteristic 0, then
M?2(S) is rationally, and hence integrally indecomposable. The same is true if
S is an algebraic K3-surface over C whose motive is finite-dimensional, as the
transcendental Hodge structure is indecomposable by [38] and finite-dimensional
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motives have no phantom submotives by [22]. In particular, the transcenden-
tal motive of the resolution of the Kummer quartic, the Fermat quartic or any
quartic of Weil type in P? is integrally indecomposable.

The following theorem gives more examples of surfaces whose transcendental
motives decompose rationally but they are indecomposable integrally.

THEOREM A. Let C be a smooth projective curve over a field k of char-
acteristic 0. Assume that there is a finite group G of automorphisms of
the curve C', and nonconstant reqular morphisms,

gbi:C—>E, izl,...,r,

where E is an elliptic curve with complex multiplication over k, one for
each irreducible representation Vi of the action of G on H°(Qc), such
that the image of the pullback homomorphism

or - H'(Qg) — H(Q0)

is in V;. Then the motie M2(C x C) is integrally indecomposable, if
deg(¢;) > 4 for alli.

An explicit example of a curve satisfying the assumptions of Theorem A is the
Fermat sextic Cg in P2, see the proof of Proposition 7 in [7]. A refinement of the
technique used in the proof of Theorem A gives us the following result, which
should be compared with the main result in [2].

THEOREM B. Let Sg be the Fermat sextic in P, Then the motive M2 (Se)
15 integrally indecomposable.

The meaning of Theorem B is that, even if the transcendental Hodge structure
of a smooth projective surface is integrally decomposable, yet its transcenden-
tal motive can be integrally indecomposable. This suggests that the following
motivic analog of Kulikov’s Hodge-theoretic indecomposability conjecture, [24],
may be true.

MOTIVIC INDECOMPOSABILITY CONJECTURE. The transcendental mo-
tive of a smooth projective surface over a field of characteristic 0 is inte-
grally indecomposable.

Now recall that the well-know conjecture due to Kimura and O’Sullivan asserts
that all Chow motives are finite-dimensional. Our third theorem is conditional.

THEOREM C. If the motivic indecomposability conjecture is true, and if
the motive of any smooth projective surface is finite-dimensional, then a
very general cubic fourfold hypersurface in P is not rational.

It should be pointed out here that, as it was recently announced, Ayoub’s
conservativity conjecture for the de Rham, and hence Betti realization of Vo-
evodsky’s geometric motives is now proven, see [5] and [6]. If this is indeed the
case, then the motives of smooth projective surfaces are finite-dimensional, see
Corollary 2.14 in [4], and therefore the cubic fourfold non-rationality conjecture
follows solely from the motivic indecomposability conjecture above.
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The paper is organized as follows. The next Section 2 is written merely
for those readers who feel uncomfortable with Chow motives and the Chow-
Kiinneth decompositions. Section 3 is devoted to the notion of integral essential
(in)decomposability, and we briefly discuss the integral essential indecomposabil-
ity of the motives of products of elliptic curves with complex multiplication and
K3-surfaces. In Section 4 we prove Theorem A. In Section 5 we study in detail
the Fermat sextics and prove Theorem B. Finally, in Section 6, we state the
motivic indecomposability conjecture and prove the conditional Theorem C.

ACKNOWLEDGEMENTS. | am grateful to Alexander Kuznetsov and Mingmin
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surfaces in the assumptions of Theorem B (not only surfaces in P*). Also T am
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2. PRELIMINARIES AND NOTATION

For an algebraic scheme X over a field, let CH,(X) be the Chow group of
dimension r algebraic cycles modulo rational equivalence on X. Let also A,(X)
be the subgroup generated by algebraically trivial cycle classes in CH,.(X). If
X is equidimensional of dimension n, then we write CH" " (X) and A" "(X) in-
stead of CH,.(X) and A, (X) respectively. One may also speak about R-modules
CH/(X)g and A7(X)g, where R is a commutative ring of characteristic 0 and,
for an abelian group A, Ag is the tensor product of A and R over Z.

Let k be a field. The category of Chow motives C(k) over k will be contravari-
ant, i.e. if X and Y are two smooth projective varieties over k, and X = U; X is
the decomposition of X into connected components, then the group CH™(X,Y)
of correspondences of degree m from X to Y is the direct sum of the groups
CH"*"(X; x Y), where n; is the dimension of the component X;. For any two
correspondences « € CH™(X,Y) and 8 € CH™(Y, Z) their composition [ o «
is the correspondence pi3,(piy(a) - p33(5)), where the central dot stays for the
intersection of cycle classes and the projections are obvious. The correspondence
f o« is an element of the group CH™" (X, Z).

The objects of C(k) may be conceived as triples (X, X, m), where ¥ is an
idempotent! in the algebra CH°(X, X), and m is an integer. For two motives
M = (X,%,m)and N = (Y, =,n), the group Home) (M, N) consists of all triple
compositions Zo ® o X, where & € CH" ™ (X,Y’). The transposed graphs I’} of
regular morphisms f : X — Y are in CHY(Y, X) and give the standard functor
from smooth projective varieties over k to C(k). The graph of the identity map
for X is the diagonal class A € CH°(X, X). The motive M(X) is the triple

1throughout the paper the words “idempotent” and “projector” are synonyms
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(X,A,0). If ¥ is an idempotent in CH®(X, X), it is convenient to write My
instead of the triple (X, X, 0).

The category C(k) is symmetric monoidal, where the monoidal product of two
motives (X, 3, m) and (Y, Z,n) is the motive (X x Y, X ® =, m + n). The triple
1 = (Spec(k),A,0) is the monoidal unit. The triple I. = (Spec(k), A, —1) is
called the Lefschetz motive over k. Clearly, the motive M (P') is a direct sum of
the unit 1 and the Lefschetz motive .. We will be also using the Tate motive
T =1L! = (Spec(k), A, 1), i.e. the monoidal inverse to L in C(k).

The category C(k)g with coefficients in R is obvious. Apart from the integral
category C(k), within this paper we will need the categories of Chow motives
C(k)g and C(k)zp/n), where n is a positive integer and Z[1/n] is the ring obtained
by inverting the powers of the number n.

In the same vein, one can also define the groups N,(X) of algebraic r-cycles
modulo numerical equivalence on X, and construct the category N(k) of pure
motives modulo numerical equivalence over k. The category N(k)g is rigid tensor
and Q-linear. Moreover, it is known to be semisimple abelian by Jannsen’s result,
see [19]. If ¥ is a cycle class modulo rational equivalence on a variety X over k, we
will write 2 for its class modulo numerical equivalence on X. If M = (X, X, m)
is a Chow motive, then M = (X,X,m) is the corresponding numerical motive
over k. The functor from C(k) to N(k) sending M to M is tensor, and the same
with coefficients in R. The following lemma will be systematically applied in the
context of the abelian semisimple category N(k)g.

Lemma 1. Let o/ be a semisimple abelian category, let X be an object in <,
and let
idy=a+0
and
idy=e1+...+e,

be two different decomposition of the identity automorphism of X in to two sets
of pairwise orthogonal idempotents in the associative ring End(X). Assume,

moreover, that the images of all the idempotents ey, ..., e, are simple objects in
the category <. Then the set of indices
I={1,...,n}
can be represented as a disjoint union of two subsets
I=JUK,
such that
G:Z&' and b:Zei.
ieJ ieK

Proof. Since
a+b=1dxy=e1+...+e,
and a and b are orthogonal idempotents, multiplying by a yields

a=a’=ala+b)=ae +...+ae, .
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For each index i € I let
X M, 5 X
be the decomposition of the idempotent e; through its image. Then

[/
e;e; =idyy, |

whence the morphism e/ is a monomorphism, and the morphism €, is an epimor-

phism in 7.

Similarly, let
X445 x
and

x5l x

be the decompositions of a and, respectively, b through their images, so that

aad" =idy ,

by =idp ,
and hence a” and b” are monomorphisms and a’ and o’ are epimorphisms in .o7.
Then, for any index ¢ € I, whether the composition ae; is 0 or not depends on
the same question for the composition a’e/, and similarly for compositions be;.

As the category o7 is abelian semisimple, the object A decomposes into simple
objects,

A - A1 EB e As y
and the object B decomposes into simple objects,
B=B®...B;.

Let
a=a+ ...+ a, and b=b+...+b

be the corresponding decompositions of the idempotents a and b into mutually
orthogonal idempotents, and let

/ 1

AL A2 A

and

B % B, % B
be the decompositions of the idempotents through their images.

Then, for each index i € I, the composition da’e! is 0 if and only if the com-
position da’e! is 0. The latter holds if and only if there exists an index j in
J ={1,...,s}, such that the composition aja’e] is 0. But as the objects M; and
Aj are simple, the composition afa’e] is either 0 or an isomorphism.

Similarly, for each index ¢ € I, the composition 0'e! is 0 if and only if the
composition t'e! is 0. The latter holds if and only if there exists an index k in
K ={1,...,t}, such that the composition b/b'e! is 0. But as the objects M; and
By, are simple, the composition bjb'e is either 0 or an isomorphism.

Since X is the direct sum of A and B, the same object M; cannot be inside
A and B at the same time. Therefore, for each index ¢ € I either there exists

an index j € J such that aja’e] is an isomorphism, and then bjb'e} is 0 for all
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k € K, or there exists an index k € K such that 0)b'e] is an isomorphism, and
then aja’e} is 0 for all j € J.
This gives the obvious decomposition
I=JUK
of the set I into two disjoint subsets, where
J={iel|ae; #0butbe; =0}

and

K ={iel|be;#0butae; =0} .
And since

a=ae;+...+ae,,

a:E ae; .

icJ

we obtain that

Similarly,
b=be;+ ...+ be, ,

b:Zbei.

€K

and hence

Moreover, if i € J then
ae; = ae; + 0 = ae; + be; = (a + b)e; = idye; = ¢€; ,
and, similarly, if + € K then
be; = 0+ be; = ae; + be; = (a+ b)e; = idye; = ¢; .

a = E ae; = E €;

Therefore,

icJ ieJ
and, similarly,
b= E b@i = E €; .
icK icK

O

For any prime [ different from the characteristic of k£, and any field extension
L/k, let H., (X1, Q(i)) be the j-th l-adic étale cohomology group of a variety
X, over L twisted by i. If L is the algebraic closure k of the ground field k, such
étale cohomology groups provide a Weil cohomology theory over k. In particular,
for any smooth projective X over k there is a cycle class homomorphism from
CHI(X) to H (Xz,Q(4)), whose kernel will be denoted by C'H7 (X )pom.

If L is a field extension of k£ and there exists an embedding ¢ : L — C over k,
each embedding & : L < C over o gives the pullback isomorphism between the
étale cohomology groups H2'(Xz, Qy(p)) and H:P(Xc, Qi(p)), commuting with
the cycle class maps. The latter group is isomorphic to the Betti cohomology
group H?(Xc,Q;) with coefficients in @Q;. Therefore, homological triviality of
algebraic cycles is independent on the type of cohomology, and we may write
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H'(X) meaning either [-adic étale cohomology over k or Betti cohomology groups
over L embeddable into C.

Now, for any smooth projective connected variety X of dimension n over k the
class cl(A) in H*"(X x X)) decomposes into the Kinneth components cl(A), =,
for all 0 < i < 2n. It is a part of the Standard Conjectures on algebraic C};Cles
that these classes can be lifted to mutually orthogonal idempotents 7;, such that

2n
E T, — A
i=1

in CH"(X x X). In [27] Murre conjectured that, moreover, the correspondences
M0y -+« Tj—1 and Taji1, ..., T, act as zero on CHI(X)q, for any 0 < j < n, the
decreasing filtration

FZCHJ<X)Q = keI‘(ﬂ'Qj*) N keI‘(ﬂ'Qj_l*) N...N keI‘(ﬂ'Qj_Z‘_,_l*)
independent of the choice of g, ..., m,, and

F'CH (X)g = CH (X )hom,0

for each 0 < j < n.
Murre’s conjectures are equivalent to the conjectures of Beilinson and Bloch,
taken for all smooth and projective X over k, see [20]. For short, we will write
MZ<X) = (Xvﬂivo) )

so that M(X) is the direct sum of the motives M*(X) for all i = 0,...,2n.
If Py is a k-rational point on X, then

7o = [Po x X|,
Ton = [X X Ry
and
MO(X) =1,
M*™(X)=L"
in C(k).

If C'is a smooth projective curve, then m; is a difference between A and the
sum of my and 7y, and we obtain the well-known decomposition

(1) MIC)=1e M (C)oL

in C(k). Murre’s conjectures are true for curves. The motives 1 and I are evenly
1-dimensional, and the motive M!'(C') is oddly 2g-dimensional, where g is the
genus of the curve C| see [22].

If n > 1, one can construct the Picard and its dual Albanese projector, m
and 7,1, which determine the Picard motive M!(X) and the Albanese motive
M?~1(X) respectively, both with coefficients in @Q, which have the expected
behaviour, see the details in [26].

Let S be a smooth projective surface having a k-rational point P, on it. Sub-
tracting, 7o, my, the Picard and Albanese projectors 7m; and 73 from the diagonal
Ag we get the middle projector 72. Respectively, we obtain the decomposition
of M(S) into the direct sum of five motives M*(S), i =0, ..., 4, in the category
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C(k)g. The latter decomposition can be refined further by splitting the algebraic
part from M?(S), see [21]. Namely, let p be the Picard number of S and choose
p divisors Dy, ..., D, whose cohomology classes generate the second Weil coho-
mology group H?(S). Choose the Poincaré dual divisors Df, ..., D/, so that the
intersection number (D;- D’) is the Kronecker symbol. For each index i let my; be
class of the product D; x D}. Then 7y decomposes into the algebraic idempotent
73% ie. the sum of projectors mo1, . .. , 2,5, and the transcendental projector
7yt i.e. the difference between 7y and Ta,alg- Lhe resulting decomposition is

(2) M(S)=1& MY (S)o L @ M2(S)® M*(S) ® L2

in C(k)g. The Murre conjectures are known to be true for surfaces, except for
independence of the filtration on the choice of the projectors m;, and the latter
is true if the motive M(S) is finite-dimensional. If the surface S is regular, then
M= M?=0.

In dimension 3 some partial results are obtained too. In [27] Murre studied the
case X = S x C, where S is a surface and C'is a curve. The motive of a smooth
projective Fano threefold is finite-dimensional and the explicit Chow-Kiinneth
decomposition of such a motive is studied in [16].

Let now X be a smooth hypersurface in P"*!. The dimension of H(X) is 0 if
if 7 is odd and j # n, and it is 1 if j is even and j # n. Let b, be the dimension
of H"(X). Then all cohomology groups H*(X) are algebraic, for j # n. Let
Y be a general hyperplane section of X, and let 7 be its class in CH'(X). For
any number j between 0 and n let 47 be the j-fold self-intersection of the class
v in CHY(X). By the Lefschetz hyperplane section theorem, the vector space
H? (X) is generated by the cycle class 77, if 2j # n. For any integer 0 < i < 2n
let

0 ifi=27+1,0<j7<n—1landi#n
T = n—i s e . . .
WI(X)'7 Ixyr iti=27,0<j<mnandi#n
and let )
Tn = AX - Z 5 .
i=0
i#En
Such defined correspondences 7, . . . , o, give the Chow-Kiinneth decomposition

of the diagonal for X, but it is not clear whether they fully satisfy the Murre
conjectures.

3. ESSENTIAL (IN)DECOMPOSABILITY OF MOTIVES

Let k be an arbitrary field. For any field extension L/k and any non-negative
integer m let
t"CHP (X))
be the subgroup in C HP(X}) generated by the images of all pullback homomor-
phisms from CH?(Xg) to CHP(X) induced by field embeddings K < L over
k with
tr.deg(K/k) <m .



10 VLADIMIR GULETSKII

For convenience, let also

t 'CHP(X.)=0.
Then we get an increasing filtration on C'HP(X,), such that

tPCH? (X)) = CHP (X))
and
t"CHP (X)) =0
if m > p. We also have the graded components
Gr{"CHP(Xp) = t"CHP(X.)/t" 'CH"(X}.)

associated to t.

The transcendental filtration t induces the filtration on the groups AP(Xp),
and we have the corresponding graded pieces. If, moreover, k is a subfield in C,
and L is a field extension of k£ embeddable into C over k, the filtration t induces
the filtrations on the Abel-Jacobi kernels T7(X} ), as defined in [17].

The action of correspondences preserves the transcendental filtration on Chow
groups and induces the action on the corresponding graded pieces. For short, let

C()(X) = GI'?CHo(Xk(X)) s
(lo(X) = GI’?Ao(Xk(X)) .

and
to(X) == GI’?To(Xk(X)) s
where n is the dimension of X and
T,(Xy) = T" ()

for any i. That is, ¢o(X) is the Chow group 0O-cycles on the product of X
and Spec(k(X)) over Spec(k) modulo cycle classes whose transcendental level is
strictly smaller than the dimension of X, and similarly for ao(X) and to(X).

If t"*CH"(Xy(x)) contains a degree 1 class, the inclusion of A™(Xj(x)) into
CH™(Xk(x)) induces an isomorphism between ag(X) and cy(X). Indeed, since

tn_lAn(Xk(X)) = tn_chn(Xk(X)) N An(Xk(X))

by definition, the homomorphism from ag(X) to ¢o(X) is injective. Let Z; be
a degree 1 cycle whose class is in t" *CH"(Xj(x)). Then any cycle class o in
CH"(Xy(x)) is congruent to the cycle class

o — deg(a) - [Z1]

of degree 0 modulo t" 'CH"(X(x))-
Let n be the generic point of X. The canonical morphism from 7 to X induces
the pullback homomorphism

which computes the value ®(n) of a correspondence

®c CH"(X x X)
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at the generic point 1. For any two cycle classes ¢ and ¢ in CH"™(Xy(x)), let
® and VU be their spreads as codimension n cycle classes on X x X. Define the
product of ¢ and v by the formula

pep=(PoW)(n),
see [21]. The value A(n), i.e. the generic 0-cycle on Xj(x), is the unit for this
product, which will be denoted by 1.

When t" 'CH"(Xjx)) contains a degree 1 cycle class, one can transfer the
bullet product from ¢(C) to ag(X). Namely, for any two cycle classes a and /3
in ag(X), the bullet product of a and f in a¢(X) is the difference between a e
and deg(a e ) - [Z1] in ¢o(X), where Z; is a degree 1 cycle. The unit 1 in ag(X)
is represented by the degree 0 zero-cycle P, — Z;. If X (k) # (), then Z; can be
chosen to be a point Py € X (k). Then

1=[P,— R
in ag(X).

Let Y be another smooth projective connected variety over k. The above
homomorphism has the obvious generalization,

which computes the value ®(&) of a correspondence ® € CH™(Y x X) an the
generic point £ of the variety Y.

Assume that Y is of the same dimension n. A cycle class of codimension n on
Y x X is said to be balanced from the left (right) if it can be represented by an
algebraic cycle supported on closed subschemes of type V' x X (of type X x V),
where V' is a closed subscheme of positive codimension in X. Let

BCH™Y x X)

be the subgroup of balanced correspondences in CH™(Y x X), i.e. the subgroup
generated by cycles classes balanced from the left or right on Y x X.

The notion of a balanced correspondence descends from the work of Bloch, [11],
Bloch and Srinivas, [12], and is straightforwardly connected to the notion of a
generic zero-cycle?. The homomorphism computing the values of correspondences
at the generic point induces an isomorphism

CH”(YXX) ~ CH”(Xk(y))

BCH™Y x X)  t" 'CH™(Xyy)) ’
which is a straightforward generalization of Lemma 4.7 in [21]. When Y = X, it
gives an isomorphism

CH"(X x X) ~
X
() BOH (X xx) )
which allows us to identify ¢o(X) with the quotient of the ring of correspondences
CH™(X x X) by the ideal of balanced classes BOCH"(X x X).

’In Appendix to Lecture 1 in [11] Spencer Bloch mentioned that “The idea that one could
deduce interesting information about the Chow group by considering the generic zero-cycle
was suggested by Colliot-Thélene. I am indebted to him for letting me steal it”.
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Warning 2. One can also introduce the balanced subgroups in A™(Y x X)), and
then a temptation would be to describe ag(X) factoring balanced cycle classes in
A™(X x X). This does not work as the pullback homomorphism from A™(X x X)
to A"(Xk(x)) is not in general surjective.

Definition 3. We will say that a correspondence X from Y to X is essential if it
is not torsion, not balanced and not numerically trivial on Y x X. If the diagonal
class A on X can be represented as a sum of two essential correspondences,

A=A+Z,

then A is integrally essentially decomposable. Otherwise, A is integrally essen-
tially indecomposable. If A is essentially decomposable and, moreover, A and
= are orthogonal idempotents in CH"(X x X), then we will say that the mo-
tive M (X) is integrally essentially decomposable. Otherwise, M (X)) is integrally
essentially indecomposable.

Throughout, we will use the following rule of notation: if A, =, X,... are
elements in CH"™(X x X), then let A\, £, o, ... are their classes modulo balanced
cycles on X x X, i.e. the classes in ¢o(X). In particular, 1 is the class ¢ of
A modulo balanced cycles. If A is balanced, then 1 = 0 and ¢(X) vanishes.
Definition 3 can be re-stated in terms of co(X).

Definition 4. The Chow group C'Hy(X) is said to be integrally essentially de-
composable, if 1 is a sum of two orthogonal non-torsion idempotents in ¢o(X). If
no such a decomposition is possible, then C'Hy(X) is integrally essentially inde-
composable. In other words, C'Hy(X) decomposes essentially, if the ring co(X)
is decomposable into two direct summands as a module over itself, and these
summands are non-torsion.

Warning 5. If M(X) is integrally essentially decomposable, then so is the group
CHy(X). The converse assertion is, in general, not true, as the cycle classes in
the ideal BOCH™(X x X)) can be not nilpotent and hence idempotents can be not
liftable from co(X) to CH™(X x X).

Remark 6. Definitions 3 and 4 can be also given for Chow groups in coefficients
in Q, or in any ring R of characteristic 0. Then the following rule applies. If
M(X), as an object of C(k)qg, or CH?(X)q is integrally essentially decomposable,
they essentially decompose rationally. If they are essentially indecomposable
rationally, a fortiori they are essentially indecomposable integrally.

Remark 7. Definitions 3 and 4 can be certainly given for any adequate equiva-
lence relation on algebraic cycles. In particular, we have the notion of essential
(in)decomposability of the diagonal class and the motive M (X) modulo numer-
ical equivalence relation.

Taking into account the isomorphism (3), one can think of ¢y(X) as the es-
sential Chow group of O-cycles modulo rational equivalence on X. The essen-
tial decomposability property of CHy(X), or, equivalently, the decomposability
property of ¢o(X), is a birational invariant of X.
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Let, for example, C; and Cy be two smooth projective curves both having a
rational point over k, and let J; and Js be their Jacobians. The composition of
the obvious homomorphisms

CHl (Cl X CQ)

(4) BOHl(Ol > 02) - HOInc(k)(Ml (Cl)7 M1(02))
and
(5) Homc ) (M (Cy), M'(Cy)) — Hom(Jy, Jo) |

is an isomorphism by Theorem 11.5.1 in [8]. It follows that both homomorphisms
are isomorphisms too.

If ¢, = Cy = C, the isomorphisms (4) and (5) bring information about the
structure of the motive M(C). The classical fact is that M(C) is essentially
indecomposable. In terms of the decomposition (1), it means that the middle
motive M!(C) is integrally indecomposable, i.e. indecomposable in the category
C(k). Indeed, the Jacobian J of the curve C' is a simple principally polarized
abelian variety, so that the ring End(J) has no nonzero orthogonal idempotents
whose sum would be id;. Since End(J) is isomorphic to End(M*'(C')), the latter
ring possesses the same property.

Now let us also look at the notion of integral essential (in)decomposability
in dimension 2. Let S be a smooth projective connected surface over a field
k. Recall that the motive M(S) decomposes in the standard Chow-Kiinneth
way, as given by the formula (2). If M(S) is essentially decomposable, the
corresponding integral decomposition of the diagonal induces the decomposition
of the transcendental projector 72 (S) and, accordingly, the decomposition of the
transcendental motive M2 (S) into two nonzero direct summands in C(k)g. Since
such a decomposition comes from integral projectors modulo balanced cycles,
one can say that essential decomposition of M (S) gives a hint what should be
considered as an integral decomposition of the motive M2 (S).

To be a bit more precise, we consider a homomorphism

CH?(S x S) = Endc, (M(9))
sending any correspondence
Y € CH*(S x 9)
to the endomorphism
Etr = ﬂ_t?r(s) oo ’/Tgr(s) :
Clearly, it factorizes through the homomorphism
(6) co(S) = Endeq, (Mip(S)) |
sending o = [X] to
Oty = [Etr] .
Localizing ¢y(S) with @Q, the latter homomorphism becomes an isomorphism
by Theorem 4.3 in [21]. Its inverse acts as follows. Take an endomorphism ¥,

of the motive M2 (S) and restrict it on U x S, where U is a Zariski open subset
in S. Such restrictions are compatible, when U runs through all Zariski open
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subsets in S, which gives the cycle class ¥, (1) on Sk(s), where 7 is the generic
point of the surface S. In other words, the inverse isomorphism computes the
value of ¥, at the generic point 7.

Definition 8. We will say that the transcendental motive MZ2(S) decomposes
integrally, if the entire motive M (S) decomposes essentially. If at that the di-
agonal class A of the surface S decomposes into a sum of two essential integral
orthogonal idempotents A and =, we take their classes A and £ in ¢y(X), and ap-
ply the homomorphism (6) above. Then we obtain two orthogonal idempotents
A and &, splitting the transcendental motive M2 (S) into two nontrivial com-
ponents. Although these idempotents are born with coefficients in @, the fact
that they come from cy(S) allows us to look at the corresponding decomposition
as an integral decomposition of M2(S). If the transcendental motive MZ2(S)
is not integrally decomposable, then we will naturally say that it is integrally
indecomposable.

Remark 9. According to Definition 8, integral (in)decomposability of the tran-
scendental motive MZ2(S) is the same as essential (in)decomposability of the
entire motive M (S), in case when we deal with smooth projective surfaces over
the ground field. However, this extra piece of terminology can be useful in mak-
ing analogies between the conjectural integral indecomposability of the transcen-
dental motive MZ(S), and the integral indecomposability of the transcendental
Hodge structure of S, which is, in general, known to be false, see [2]. If M(S)
is essentially decomposable, which is equivalent to saying that M2(S) decom-
poses integrally, then C'Hy(S) is essentially decomposable. By negating this
implication, if CHy(S) is essentially indecomposable, then M (S) is essentially
indecomposable, i.e. M2(S) is integrally indecomposable.

Remark 10. Let A be an abelian group, and let a be an element in Agp. We
will say that the element « is integral if it is in the image of the canonical homo-
morphism from A to Ag. In this terminology, MZ2(S) decomposes integrally, if
it decomposes into two nontrivial summands and the corresponding idempotents
are integral modulo balanced cycle classes in CH?(S x 9)g.

Remark 11. Definition 8 can be given with regard to any adequate equiva-
lence relation on algebraic cycles. In particular, we have the notion of integral
(in)decomposability of the motive M2(S) in the category N(k)g and the same
logic modulo numerical equivalence as in Remark 9.

Remark 12. If M2(9) is integrally decomposable, then it decomposes ratio-
nally. By negation, if M2(S) is rationally indecomposable, then it is integrally
indecomposable. We will use this observation in Propositions 14 and 15 below.

Lemma 13. Let L be a field extension over k. If M(SL) is integrally essentially
indecomposable, then M(S) is integrally essentially indecomposable. In transcen-
dental terms, if MZ2(Sy) is integrally indecomposable, then MZ(S) is integrally
indecomposable.

Proof. Suppose that the motive M (Sy) is essentially indecomposable, but the
motive M (S) is essentially decomposable. Then M (S) splits into two nontrivial
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direct summands, say M and N, in the category C(k)g, and the corresponding
projectors p and ¢ are integral. Extending scalars from k to L, we obtain the
decomposition of M (Sy) into the motives M and N by means of the integral
projectors pr and gz on the surface S; over L. Since the motive MZ2(SL) is
integrally indecomposable, it follows that either p; or qp is zero. If, say, p, = 0,
then p must be nilpotent by the main result in [15]. Then M = 0, which is a
contradiction, as M is nontrivial. O

Now we have to show that surfaces with integrally indecomposable MZ(S)
exist. If C'is a smooth projective curve over k with C'(k) # (), then the motive
M2(C x P!) is integrally indecomposable, as it trivial. The first nontrivial ex-
amples of integrally indecomposable transcendental motives are provided by the
following two propositions.

Proposition 14. Let S be an abelian surface isogenous to the self-product of an
elliptic curve with complex multiplication over k. Then MZ2(S) is rationally and,
hence, integrally indecomposable.

Proof. The surface S is p-maximal by Proposition 3 in [7]. Therefore, p(S) = 4
and hence dim(MZ(S)) = 2. Suppose MZ2(S) is integrally decomposable into
two submotives, say M and N. As the dimension of M2 (S) is 2, the dimension
of M and N is 1. Applying Proposition 10.3 in [22], we see that M must be
isomorphic to the Lefschetz motive L, and the same for N. It follows that the
Picard number of S is 6. This is a contradiction. O

Proposition 15. Let S be an algebraic K3-surface over k, and assume that its
motive M(S) is finite-dimensional. Then MZ(S) is rationally and, therefore,
integrally indecomposable.

Proof. Suppose MZ2(S) is integrally decomposable. Even more so, it is ratio-
nally decomposable. Passing to Hodge structures via Hodge realization, we see
that the rational transcendental Hodge structure of S decomposes into two non-
trivial components. Since finite-dimensional motives do not contain homolog-
ically phantom submotives by Proposition 7.5 in [22], the components in the
rational transcendental Hodge structure of S are nontrivial. This contradicts to
the main result in [38]. O

Example 16. Let (z : y : 2z : t) be homogeneous coordinates in P3. A hyper-
surface S of degree d in P? is said to be of Weil type, if S can be given by the
equation

fl@y) +9(z1) =0,
where f and g are two forms of the degree d over the ground field. For example,
the Fermat hypersurface of degree d in P? is of Weil type. We will also say that
S is of Shioda type, if it is given by the equation

ry 4y 4z =0

whose coefficients lie in Q. The motives of Weil hypersurfaces are finite-dimensional.
That can be deduced from the results in [30]. It is also easy to construct a
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dominant rational map from the degree d Fermat hypersurface onto the Shioda
hypersurface of the same degree, see [31]. Therefore, the motive of the Shioda
hypersurface in P? is finite-dimensional too. Therefore, MZ2(S) is integrally in-
decomposable, if S is a K3 hypersurface of Weil or Shioda type. Certainly, if S
is the resolution of double points on the Kummer quartic in P3, then the motive
M?2(S) is finite-dimensional and hence integrally indecomposable.

4. THE SELF-PRODUCT OF A CURVE MAPPED ONTO A CM ELLIPTIC CURVE

In all the examples considered above, the integral indecoposability of the tran-
scendental motive M2(S) is a consequence of its rational indecoposability. The
aim of this section is to show an example of a surface, whose transcendental
motive decomposes rationally, but it is integrally indecomposable.

Let C' be a smooth projective curve over a field k, and assume that C'(k) # 0.
The purpose of this section is to show that the motive M?(C' x C') is essentially
indecomposable, provided C' has enough morphisms onto an elliptic curve with
complex multiplication.

Let
Prosg . CXOCXOXOCXxOCxC—=>CxCxCxC

be the projection onto the product of the first, second, fifth and sixth factors,
and let

AdXAXAXId:OXxOxOxC—=-0CxCxOCxCxOCxC,

be the closed imbedding induced by the diagonal embedding of the second factor
into the product of the second and third factors, and the diagonal embedding
of the third factor into the product of the fourth and fifth factors. These two
morphisms induce two pullback homomorphisms

Plysg : OCH*(C x Cx O xC) = CH*(CxCxCxCxCxC)
and
([dx AxAxid)*:CH*(CxCxCxCxCxC)—CH(CxCxCxCQO)
respectively. Let X be a codimension 1 cycle class on C' x (', and let
is :CH*(CXxOxCxCxCxC)—=CH(CxCxCxCxCxC)
be the homomorphism of intersection with the cycle class
[Cx C]x X x[CxC|
on the 6-fold product of the curve C. Let also
pu:CxCxCxC—-CxC
be the projection onto the product of the first and fourth factors, and let
pua,  CH*(Cx Cx C xC)— CHYC x C)

be the induced pushforward homomorphism on Chow groups. Define the convo-
lution by > homomorphism

cv) : CH*(C x C xC xC)— CHYC x O)
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to be the composition
Pra, 0 (id X A X A x id)* 0 ix 0 Piysg -
For example, if A and B are two cycle classes in CH(C x (), then
X (AxB)=BoXoA

and
(7) cl(A®@B)=BoX'oA.

Let J be the Jacobian of the curve C'. A convolution by > augmented by J is
the composition

cvy : CH*(C x C x C x C) — End(J) ,

of the convolution cvY, the factorization of C H'(C x C') modulo balanced cycles,
and the homomorphisms (4) and (5).
Similarly, one can construct the convolutions with coefficients in Q.

Let E be an elliptic curve over k and let
f:C—=F
be a nonconstant regular morphism of degree
n = deg(f)
from C' onto E over k. Then we have the correspondences
[Ty e CHY(C x C)
and
Tholy)@[Ioly) =Tl o (ly@Ty) e CH((C x C)x (Cx0)).

Respectively, we also have the idempotent

1 t
E'Ffl_‘f7

splitting M (F) from M (C'), and the idempotent
1
~ - TYT; @ YTy
splitting M (E x E) from M(C x C) in C(k)g.

Identify the Jacobian of E with E via the neutral element O in a chosen group
law on E. The morphism f induces the morphisms

ffrE—J and foi:d = E,
such that f,f* =n. Let

e?‘:f*f*a
and let
I
ef=—-¢€
f n f

be the idempotent which induces the splitting of £ from .J in the category of
abelian varieties up to isogeny, see Section 5.3 in [8].
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It is not hard to see that
1 t t
CUA (ﬁ . FfFf ® FfFf) = €f
in Endg(J).
Let g be the genus of C', let GG be a finite group of automorphisms of the curve
C, and let
Vi,...,V;
be the irreducible representations of the G-module
H0<QC) )

where ()¢ is the sheaf of regular 1-forms on the curve C'. Assume there exists
an elliptic curve E with complex multiplication over k£, and non-constant regular
morphisms
¢i :C— F R
for each index i, such that the image of the pullback homomorphism
¢: : HO(QE) — HO(Qc) s

is a subgroup in V;. In such a situation, the Jacobian J of the curve C' is
isogenous to the self-product EY of g copies of the curve E, and the surface
C x C is p-maximal, see Lemma 2 and Proposition 5 in [7]. Therefore, if C
enjoys the assumption above, we will say that C' is a curve with elliptically split
Jacobian. If, moreover, g > 1, the degree of each morphism ¢; is greater than 1,
and, therefore, J is isogenous but not regularly isomorphic to E9.

So, since now, we will assume that C' is a curve with elliptically split Jacobian.
In such a case the Neron-Severi group NS(C' x C) can be computed by the
formula

NS(CxC)=Z®Z®Hom(J,J),

and since F is an elliptic curve with complex multiplication over k£ and J is
isogenous to EY, the rank of the abelian group Hom(J, J) is equal to 2¢?, see
page 104 in loc.cit. The second Betti number for the surface £ x C'is 49 + 2 and
the Picard number is 2¢g + 2 by Lemma 1 in [7]. Hence,

dim(MZ(E x C)) = 2¢ ,
and, similarly,
dim(M2(C x O)) = 24> .
Let
T E HO(QE)

be a generator in the one-dimensional space of global sections of the sheaf of
regular 1-forms on E. For each index i choose a subset GG; in GG, such that

Coi(r), CeGi,

form a basis in V,. Let
f:C—FE
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be a regular morphism constructed by the morphisms ¢;¢, where i € {1,... 7}
and ¢ € G}, as in the proof of Lemma 2 in [7], and let

be the composition of f with the i-th projection from EY onto the i-th factor E.
Let also

n; = deg(f;) -
Now we have exactly g regular morphisms

fi, oo, fg

from C onto F, each of which is a composition of ¢; and ( € G;,.
Let

I={1,...,9}.

For each index 7 € I we now have the idempotent

= L0

n;

where

6? = fi fix s
see Section 5.3 in [8]. If

E; = im(f;)

is the image of f; inside the Jacobian .J, then e; is the uniquely defined symmetric
idempotent in Endg(J) corresponding to the elliptic curve E; inside J, see The-
orem 5.3.2 in [8], and the integral endomorphism ¢! is the norm-endomorphism
of the curve E; in J.
For short, let
0 =7 (Ex E)

be the transcendental projector on the product elliptic surface F x E. Since

m(Ex E)=m*(E)®°(E) + m(E) @ n'(E) + m°(F) @ n*(E)
and
dim (M3

alg

(E x B)) =4,

one can choose two divisors Dy and Ds, and their Poincaré dual divisors D and
D), on E x E, such that, if

A1:D1XD/1, A2:D2XD;

and
A=A+ A%,
then
m(E)er (E)=A+06.
Let also
=Ty,
Iy=Ial;.
1

@ij —

. sz 0Bo Fl] s
nin;
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1
Azlj: 'FEjOAIOFz’j,
nin;
2 1 t 2
A? = It 0A%ol;
i ninj 1] J
and )
AU_ F:]OAOFU,
n;n;
so that

Al 2
Ay = Ay + A
for each two indices ¢ and j between 1 and g.

In terms of motives, let

T=MA(ExE)=(ExE,6,0),

where
dim(7T) =2,
and let
A=(ExXEA0)=LoL,
so that
M E)Ye MY(E)=AeT=LoLaT,

and hence
M*(ExE) = (M*(E)® M°(E))® (MY E)® MY(E)) ® (M°(E) @ M*(E))

= LeoAeTaL

= LeLeoLoeTaL.
Let also

Al =(Cx CAL0) =T, A} =(CxCA}0) =1,

Aij = (C X C, Aij,O) = Azlj 7] Azlj and Tij = (C X C, ®ij70)

be the 2-dimensional images of the motives A and T respectively inside the
middle motive M?(C' x C') under the embeddings

It M(Ex E) = M(CxC).

The motives T;; can be viewed as indecomposable “motivic atoms” inside the
transcendental motive M2 (C x C). Since the motive M(SS) is finite-dimensional,
there are no homologically phantom submotives in M (.S) by Proposition 7.5 in
[22]. Tt follows that

MA(CxC)=@a! _T;,

,j=1

i.e. the transcendental motive MZ(C x C) consists of exactly g* motives Tj; each
of which is isomorphic to the indecomposable motive T'.

The following exercises give some practicing in how the motives T;; are placed
inside M2 (C x C). First of all,

M) = M(E)™

whence

M*(Ex E9) =L@ (MY (E)® M*(E))* o M*(EY) .
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Since
MYE)® MYE)=L" o M2(E x E) ,
we obtain that
M*(Ex B9) =L& (Lo M2(E x E)® & M*(EY) ,
i.e. there are g copies of the indecomposable 2-dimensional motive M2(E x E)
as direct summands inside the motive M?(E x EY). Composing the embedding
of M2(E x E)¥ into M(FE x EY) with the morphism
AxTy: M(ExE') - M(ExC),

we obtain a morphism

MZ(E x E)® — M(E x C) .

Precomposing the latter with the j-th canonical inclusion of M2(E x E) into
MZ(E x E)%, we obtain the morphism from M2(FE x E) to M(E x C') which
factorizes through the transcendental motive M2(E x C'). This gives g transcen-
dental 2-dimensional motives

T%j> jzla"'>g7
inside M2(E x C), for each fixed i.
Further we compute
M*(E? x C) = M*(E9) & (MY(E) @ MY(C)* & 1L,
and since
MY (E)® MY(C) =1L%% @ M2(E x O),
one has g independent copies of the motive M2(E x C) inside M?(E9 x C).
Composing the embedding of MZ(E x C) into M?(EY x C') with the morphism
I x A M(E? x C) — M(C x C)
we obtain the embedding
MZ(E x 0)% — M(C x C) .

Precomposing the latter with the i-th canonical embedding of M2(E x C) into
MZ(E x C')®9 we obtain the morphism from MZ(E x C) to M(C x C') which
factorizes through the transcendental motive M32(C x C) and, thus, gives g
isomorphic copies of the motive M2(E x C) inside M2(C x C).

Since each MZ2(E x C) consists of g transcendental 2-dimensional motives
Th, .. TW, we obtain that all together there are g images T}, of the indecom-
posable transcendental motive T' inside MZ(C' x C') under the morphisms I'};,
ie.

(8) M2(C x C) = ZTU,

2,j=1

and, in terms of projectors,

(9) Ta(CxC) =) 6.
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In the same manner,

g9
(10) M, (CxC)=Lo Y A;oL,
ij=1
so that
dim(M2,(C x C)) = 2¢° + 2,
and, in terms of projectors,
g
mag(C % C) = 7%(C) ©7°(C) + Y Ay +7°(C) @ 7*(0) .
ij=1
Now a complete accounting of M (C' x C') is this:
M(C x C)=a;_M(CxC),

where
MO(CXC):MO(C)®MO(C):]L,
MY Cx(C) = (MYC)® M°C))® (MY(C) o M°(C))
= MYC)® MYC),
M*(CxC) = (M*(C)® M°(C))® (MY C)® MYC)) ® (M°(C) o M?*(C))

(
= Lo (MY(C)® M{(C) oL
= M3Z,(CxC)&M(CxC),

where M2(C x C') and M3

alg

(C x C) are described by (8) and (10),

M3(Cx(C) = (M*C)® MY (C))® (MY(C) o M?(C))
= LeM(O)e(MY(C)®L),
and
MY C x C) = M*(C)® M?*(C) =L*.
The motives L ® M*'(C) and M'(C) ® L are integrally indecomposable, because
the Tate motive T is monoidally inverse to the Lefschetz motive L.

We will also need the following notation, with regard to the structure of the
motive M (C x C). Let
P=IxI
be the Cartesian square of the set I. For any subset
Uclr?

A%]_ZA7

(4,7)€U

A?]: Z Az’j)

(i,5)eU

AU— ZA”’

(3,5)eU

Oy = Y O,

(3,7)€U

let



MOTIVIC OBSTRUCTION TO RATIONALITY 23

be the projectors, and let

AL = 6P A}
(

i,j)EU
Ap = @ A?j

(3,5)€U

Ay = B 4y

(3,5)€U

Ty = @ T;;

(4,5)eU
be the corresponding algebraic and transcendental submotives in M (C' x C). If

W=I*\U,

and

then, of course,
M (CxC)=L&Ay® Ay & L.
and

Next, let ; be the class of T'; modulo balanced cycles in CH'(C' x C)q. Let
also v;;, a;; and 6;; be the classes of, respectively, the correspondences I';;, A;;
and ©;; modulo balanced cycles in CH?((C'x C') x (C'x C'))g. The transcendental
projector w2 (E x E) is congruent to A modulo balanced cycles on the self-product

of the surface ¥ x E. Therefore,
1
O = — Y7
J nzn] 72]7]

for each indices ¢ and j. Since

it follows that

1 1
0 = E'Vhi@n—j-v}% :
The norm-endomorphism €? of the elliptic curve E; in J can be expressed as

0__ .t
€ =%,

and, as we have seen above, the idempotent

symmetric under the Rosatti involution, determines the i-th factor in £9 under
the isogeny between J and EY9. The degree n; is the exponent of the elliptic curve
FE; in J. Then
Qij = €; X 6j
in the group
CH?*(S x S)g
BCH?*(S x S)g
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Due to (9),
g
1= 0,
ij=1
in ¢(9)q.

Lemma 17. Let a and b be two arbitrary indices in 1. In terms above,

1 t e .
t Ly — _E'vb’yav Zflzaand]:b
CUFan(AU) { 0 otherwise

and
2%V, ifi=aandj=b
curyr, (035) = { 0 ' otherwise

for any l = 1,2 and all v and j between 1 and g.

Proof. For any two divisors D and D’ on E X F,

o (D x D)oTy = ([ Do) x (T D/ oT)
whence
(11) cvper, (T 0o (Dx D) oly) =TioD' ool olyoTfo Dol .

If i # a, then T; o T'! is a balanced class in the group CH'(E x E)q. If j # b,
then I'y o 'Y is a balanced class in CH'(E x E)q. In particular,

(12) curyr, (Aj;) =0
for [ = 1,2, if either ¢ # a or j # b.
For the same reason,
(13) coryr, (T 0 Tyj) = cvryr, (T30 @ T5T5) = 959%7%% % = 0,

if either ¢ # a or j # 0.
Moreover, if ¢ is different from s, then one of the two projectors 7°(E) or 7' (E)
is a balanced cycle class on C' x C', whence

CUg(FEj o(r*(E)@ 7' (E))oly;) =0

for any cycle class ¥ in CH'(C x C).

The equalities (11), (12) and (13) then give

curyr, (045) =0,

if either ¢ # a or j # b.

Now assume that + = a and j = b. In such a case,
(14) cvpip, (Thy 0 (D x D) oTgy) =ng-ny-ThoD o Dol ,
for any two divisors D and D’ on E x E.

Since E is an elliptic curve with complex multiplication, there is a positive

integer d, not a square in Z, such that Endg(F) is isomorphic to the imaginary
quadratic field Q(v/—d). Let X be the graph of the endomorphism

vV—d:FE—FE,
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and consider the divisors
Di=A—-[OxE]—[Ex0O] and Dy=%3—-d-[0xE]—-[E xO]

on F x E. Since —% - Dy is Poincaré dual to D; and —ﬁ - Dy is Poincaré dual
to Dy, we have that

1
'DQXDQ.

1
2 L . 2d

Then (14) gives

1
corer, (AL,) = =i YeYa

for Il =1, 2.
And since
1
cvper, (n_nb T 0 Fab) =Tyol,,

it follows that
cvrer, (Oa) =2 1 Ya »

For any permutation o if the numbers {1,..., g} let
ops : B9 — E9

be the regular morphism permuting the factors in EY according to the permu-
tation o. The morphisms f;, : J — F and f : E — J induce the inverse
isogenies
fo:d — EY and ffoEY— J.
Let
oj:J—J

be the composition f* o ogs o f.. Then o; is an element in End(J), which

decomposes as

1 t + =+ 1 t
gy = —" o e —_— s
J ny ’-)/1’-)/ (1) ng 797 (g)

in Endg(J). Therefore, if

1 1
h :—~FtFU —-FtFa
J o 1 n+...+ ng 9 (9) >

then X, is integral modulo balanced cycles on C' x C.

Certainly, o is an automorphism, (671); is the same as (o;)"!, and we may
simply write a;l. If o is the identity permutation, then ¥ ; is congruent to the
diagonal A modulo balanced cycles. Formula (7) gives that

cvs, (A @A) =o' .
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Corollary 18. For any permutation o,

1 t f )
Iy ) T3 Yo Vi if j =o(i)
CVy, (Azg> { 0 otherwise

and

2 t . . .
o wvews i =0()
CUE"(@”) N { 0 otherwise

for any l = 1,2 and all © and j between 1 and g.

Proof. This is a straightforward consequence of Lemma 17. O

For any subset K in I, let
€K = Z €i

ieK

and write ex = 0 if K is empty. In particular,
€ —= id J

is the identity automorphism of the Jacobian J. Let also nx be the exponent of
an abelian subvariety E¥ in .J associated to the idempotent e, i.e. the minimal
positive integer ng, such that nxey is integral. Then we write

L

ex = — €,
K N K
where €Y% is the norm-endomorphism of EX in terms of [8]. We will need the

following easy lemma.

Lemma 19. Let A and B be two subsets in I, and assume that

Nk Z 4
for any subset K in I, such that
0#£K#I.
If
2e4 +ep € End(J) ,
then
A, Be{0,1}.
Proof. Let

S=ANBEB, T=A\B, R=B~\A.
Then S, T and R are three subsets in I,
SNT=SNR=TNR=0,

and
g=2e4+ep=3es+2er+eg

is integral by assumption. As
2er 4+ 2er =39 — g° .
is integral too, and since T'N R = (), the endomorphism

2-erur
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is integral.

Now, if ) # T'U R # I, Proposition 12.1.1 in [8] gives nyyg = 2, which
contradicts to the assumption of the lemma.

ITUR=1,then I = AUB and AN B = (). In such a case,

g=2ea+ep=2ea+era=¢€s+id,
whence ey is integral. Therefore, either A = () and then B = I, or A = I and
then B = ().
If TUR = (), then A = B, and hence 3e4 is integral. If ) # A # I, Proposition

12.1.1 in [8] gives ny = 3, which contradicts to the assumption of the lemma.
Therefore, either A = I or (). O

For any subset U in I? let
IU,U = {Z €l | (270(2)) S U} )
and let

1
U= D — W)
1€ly,» v

If 0 = 19 is the identity permutation, then, for short of notation, we will write

Iy = Iy
and
€y = €1y -
Then, of course,
(19)[] =€y .

The endomorphisms oy have many nice properties. For example, one has

Corollary 20. For any U C I?,

cvs,(Ay) = =5 - oy
forl=1,2, and
cvs,(Op) =2 - op;
Proof. Straightforward from Corollary 18. |
It is also easy to see that
(ov)™ = (a")u

for any natural number m, so that we will simply write ¢’} for both. If m is the
order of the permutation o, then

O'g;b = ey .
Another useful property of the endomorphisms oy is this. Let

Lov ={i € I[(o(i),i) € U},

o, U = Z nifyzt’yl .

i€ly U v

and let
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In particular,
€U = €U -

If m is the order of o, it is easy to see that

(RS O'Zl_l = eamfl,U s
or, equivalently,

oyjoO (O'_1>U =€s-1yU -
Swapping ¢ and o~ ! yeilds

0-; OO0y = €sU ,

and, transposing, we obtain
(15) oy o (071)" = equ

for any subset U in I2.
The following result is Theorem A in Introduction.

Theorem 21. Let k be a field of characteristic 0, and let C' be a smooth projective
curve over k. Assume that the Jacobian of C splits by an elliptic curve with
complex multiplication E, i.e. there is a finite group G of automorphisms of C
and non-constant reqular morphisms,

¢ C — F, i=1,...,7r,

one for each irreducible representation V; of the action of G on H°(Q¢), such
that the image of the pullback homomorphism

¢ H'(Qg) — H(Q0)
is in V;. Assume, furthermore, that

deg(¢;) > 4

for all i. Then the motive M(C x C) is essentially indecomposable, i.e. the
transcendental motive M2(C x C') is indecomposable integrally.

Proof. By Lemma 13, the ground field k can be algebraically closed. Assume the
motive M2 (C?) decomposes integrally. According to Definition 8 and Remark 9,
it means that the diagonal class of the surface C? decomposes into two mutually
orthogonal idempotents,
A=AN+ZE,
in the Chow group
CH*(CxCxCxC(C),

such that their classes A and, respectively, £ modulo balanced cycles are nontrivial
and non-torsion. Then, of course, we have the corresponding splitting
M(C x C)= My ® Mg

into two non-torsion motives in C(k).
Let g be the genus of the curve C, and let

I={1,...,9}.
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Construct the morphisms f; as above, and set

n; = deg(fz) ;

for each index 4 in I. Then we have the systems projectors Aj;, A?; and ©;; on
the surface C' x C.

For short, let
K=1{0,1,2}, K*=KxK |,
and for each ordered pair of indices
(s,t) € K>~ {1,1}
let
B = M*(C)® M'(C) ,
and for any subset
LcC K>~ {1,1}
let
By = ®sper B
be the motive given by the projector
Bo= Y m(C)@r'(C).
(s,t)eL
Then

M(C x C) = @ujer(A); @ AL ® T;) @ (Bper>q1.13B™)

is the refined Chow-Kiinneth decomposition of M (C x ('), and each direct sum-
mand in this decomposition is an indecomposable motive in C(k)g. Using the
semisimplicity of the numerical category N(k)g and Lemma 1, we obtain that
there exist subsets

Uyr, Uz, Vo, Ve, Wy, WeC I?,
Ly, Lz ¢ K*~{1,1},
such that
P=UyUUz=VyUVz=WyUW=,
K*~{1,1} = Ly U L=,
all four unions are disjoint,
My = Ab, & A2, & Ty, & By,
and
Mz = Ay ® A}, ® Tw. @ B,
in N(k)g. It follows that

(16) A=Ap + A}, +Ow, + B, +Ta
and
(17) E=Aj_+A}.+0Opu. + B+ Tz

for some numerically trivial correspondences T and Yz in CH?(C'xC'xC x C)g.
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Since the motive M (C') is finite-dimensional, any numerically trivial cycle class
in CH'(C x C) is nilpotent by Proposition 7.5 in [22]. On the other hand, the
algebra Endg(J), being a product of fields, has no nilpotent elements in it. It
follows that, for any ¥ € CH'(C x C) the convolution cvs takes numerically
trivial correspondences in CH?(C x C' x C x C) to 0. In particular,

cvs(Th) =0 and cvs(Yg) =0

in Endg(J).
Moreover, if (s,t) € K2~ {1,1}, then at least one of the projectors, 7*(C) or
7t(C), is balanced on C' x C, so that

cvs(m°(C) @ 7(C)) = ' (C) o Xl o 7°(C) = 0,
whenever s is different from ¢. It follows that
cvx(Br,) =0, cvs(Bro) =0
in Endg(J).
Therefore, the equalities (16) and (17) yield

C1}2<A) = CUE(AIIJA) + CUE(A%/A) + CUE<@WA)
and
cvs(2) = cs(Ap) + cus(ATL) + cus(Ouz)

for any 3 in CH*(C x C).

Case 1: when both sets Iy, and Iy. are nonempty

By Corollary 18,

1
(18) cua(A) :—§-eUA—§-eVA—|—2-eWA :
and
_ 1 1
(19) CUA(:>:_§'€UE_§'€VE+2'€WE R

in Endg(J), and, since the sets Iy, and Iy. are both nonempty, ey, # 0 and

EWws 7é 0.
Suppose there exists i € Iy, ~\ (Iw, U Iy, ). Multiplying (18) by e;, we obtain

1
ei - cop(A) = —5 e

Multiplying both sides by —2n;, we get
—2-¢el - coa(A) =€) .

Since cva(A) is integral and €¥ is the norm-endomorphism of the i-th elliptic
curve inside J, the latter equality contradicts the Norm-endomorphism Criterion
5.3.4 on page 124 in [8]. Therefore, Iy, is a subset of Iy, Uly,. By symmetry, Iy,
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is a subset of Iy, U Iy, . Moreover, if we suppose that there exists ¢ € Iy, \ Iy,,
such i must be in Iy, , and the multiplication of (18) by e; gives

1

ei - coa(A) = —get 2¢; .

Multiplying by 2n; yields
2¢) - coa(A) = 3e? |

whence

2 (2¢] - cva(A) —¢f) =€,
and we again in contradiction with the Criterion 5.3.4 in loc.cit. Therefore,
Iy, C Iy,. By symmetry, Iy, C Iy,. Thus, Iy, = Iy,, and, similarly, Iy, = Iy..
Therefore, (18) and (19) turn into the equalities

(20) coa(N) =2-ew, —eu,
and
(21) coa(E) =2 ep. — ep.
respectively.
Since
cua(A) =1id
and hence

id = coa(A) + cva(Z) ,
and also taking into account (20), (21), we obtain
id = (2ew, — ev,) + (2enz —ev2)
where the endomorphisms in the brackets are integral. Re-arranging,
3-id = (2ew, + ev) + (2enz +eu,) ,
and the endomorphisms in the brackets are still integral. Applying Lemma 19
Iy, Iw- € {0, I},

which contradicts to the assumption of Case 1.

Case 2: when one of the two sets Iy, and Iy. is empty

If, say, Iy~ is empty, then Iy, must be the whole diagonal in I?. Since the
decomposition

A=AN+Z
induces a splitting of M2(C x C') into two nontrivial components, the set Wz is
nonempty, however. Choose and fix an arbitrary pair

(i07j0) € WE )

and let o be a transposition of the elements ig and jo in {1,...,¢}. The permu-
tation ¢ induces the automorphism

oyj:J —J,
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and the cycle class

1 1 1

N, = 2 n—irirz + o It T, + . Ty, .
i#i0
i#jo
By Corollary 20,
1 1
cvy, (A) 5 oh, — 3 oy, +2- oy,
and
- _ I I t
cuy, (2) = —5 0 5 O +2- oy,

Since A and = are integral cycle classes, and ¥ is integral modulo balanced
cycles, it follows that cvy,(A) and cvy,(Z) are integral cycle classes. Since,
moreover, cvy,(A) is o, we see that

1 1 1 1
o= (200~ 3ot~ 3ot ) + (2oh = 3ot — 3 ok

where the cycles in the brackets are integral.
Multiplying the latter equality by the integral cycle class of from the right,
and using (15), we obtain

) 1 1 1 1
id = 260,WA - 5 *CoUp 5 "oy, | T 260,W5 - 5 *CoUz — 5 *Co Ve .

Since oY is integral, the sums in the brackets remain to be integral.
Arguing similarly as in Case 1, we see that Uy = V), and Uz = Vg, and we get
the equality
id = (2607WA - eo,UA) + (26071/[/5 - 607(]5) .

Re-arranging, we obtain
3 - ldJ = (2€U,WA + €U’UE) -+ (2607{/[/5 -+ ea,UA) .

Now, since Iy, is the whole diagonal in /2, the endomorphism e, i, is nonzero.
As (io, jo) is a pair in Wz, and iy is o(jo), we also obtain that e, w. is nonzero.
Then, just as in Case 1, applying Lemma 19 we see that the latter equality, in
which the sums in each bracket from the right hand side is integral, leads to a
contradiction.

This finishes the proof of the theorem. O

5. THE TRANSCENDENTAL MOTIVE OF THE FERMAT SEXTIC IN P3

To give an explicit example, we use the Fermat sextic in P? and the arguments
borrowed from the proof of Proposition 7 in [7]. Let z,y, z be the homogeneous
coordinates in P2, and consider the Fermat sextic curve

OGC]PQ,

given by the equation
2+t +20=0.
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Let ug be the group of all 6-th roots of unit in C, and let
1 = pi6 X
be the two-fold product of pg. Then p2 acts on Cg by the rule
(€, e)(a:b:c)=(a:€eb:c),
where € is a primitive 6-th root of 1 in C, i.e.

fe = (€) -
Since the equation of Cg is symmetric in all three coordinates, the symmetric
group X3 of permutations of three elements acts on Cy by permuting the co-
ordinates on Cg. Then both groups u2 and Y3 are subgroups in Aut(Cg) and,
moreover,
Aut(Cg) = pg x X3,

i.e. the group of all regular automorphisms of the curve Cg is the semidirect
product of these two subgroups pZ and Y3, see the main theorem in [33].
As suggested on page 108 in [7], we look at the global section

xdy —ydr  ydz — zdy  zdr — xdz
of the sheaf
Qe (—3) .

The three irreducible representations

‘ 10

of ¥3 and the standard method of constructing irreducible representations of the
semidirect product, see Section 9.2 in [28], shows us that the induced action of
the automorphism group Aut(Cs) = p2 x X3 on H°(Q¢,) has three irreducible
representations

Viiti, Vaio, Vaoo,

where V; 1 is of dimension 1 and generated by the form
TYzZ W,
the space V3 is 3-dimensional and spanned by the forms
2w, Yow, 22w,

and, finally, the space V5 is of dimension 6 and spanned by the following six
linearly independent forms

?y-w, yYrow, 222w, ZProw, Yzow, Zyow.
Following [7] we consider the elliptic curve with complex multiplication

E = {v’w = v’ —w’}
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in P? with coordinates u,v and w. Affinizing Cs by z and E by w, we also have
the affine curves
W@ZC%QAQ: {I6—|—y62 —1}
in A? with coordinates z,y, and
Us=ENA*={v* =v’ -1}
in A% with coordinates u,v. As in loc.cit., we consider three regular morphisms
¢;: Co > F | 1=1,2,3,
given on the affine parts by the formulas

QZ512W6—>U6,

o1 (x,y) = (—2*,9°)
and
2 We — Us

4 6_1
Ga(z,y) = <%7$27> :

If we change the coordinates in A% to have £ N A? being defined by the equation
WP+ +1=0,
then we also have a third morphism
¢3: We — Us ,

¢s(x,y) = (z°,y%) .
The generator
T E HO(QE)

is locally represented by the form dv—“ in the (u,v)-coordinates, and by the form

. . .
ﬁ% in the (u/,v’)-coordinates, so that we can loosely write

du  du
T=—=—.
v v?

Straightforward computations give

., [ du 2xdx
¢1 (7) T y3 :_Qxyz'we‘/l:‘/zrl’o’

v

d
o (_u) — 24y3 cwe Vo ="V309
and /
. [ du
o (F) =2xyz-weVs=Vi11,

see page 108 in [7].
To be in accordance with the notation of Section 4, let

G = Aut(Cs)
be the whole group pg x 33, let
Gi=%3, G2=1{(1,2,3),(2,1,3),(3,2,1)} C 3
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and

Gs = {id} € X5
be three subsets in Y3, where the latter is considered as a subgroup in GG. Then
the six global sections

o*pi(1), o€eGy,
generate the 6-dimensional vector space V7, the three global sections
0*¢;(7—) ’ o€ G2 )

generate the 3-dimensional vector space V5, and

¢3(7)

generate the 1-dimensional space V3. As in Section 4, let

fioo i fs

be the six regular morphisms ¢;0 from Cg onto E, where o runs the set Gy,
arbitrarily indexed, let

f7 f87 f9

be the three regular morphisms ¢o0, where o runs the set G5, also indexed in an
arbitrarily way, and let

fio
be the last morphism ¢3. If
n; = deg(fi)
then
n; ==06 for i=1,...,6,
n; = 24 for 1=7,8,9
and

np==4.
Then we have 10 x 10 projectors ©,;, and the corresponding transcendental
motives Tj;, i,j € I, where I be the set {1,...,10}. Since g = 10, it is easy to
compute that
dim(M2(Cs x Cg)) = 200 .

Applying Theorem 21, we obtain that the transcendental motive MZ(CZ) is
integrally indecomposable.

Now we are ready to prove Theorem B in Introduction.

Theorem 22. Let Sg be the Fermat sextic in P? given by the equation
P+ ub +08+w® =0
in P2. The transcendental motive M2 (Ss) is integrally indecomposable.

Proof. By Lemma 13, without loss of generality one can assume that the ground
field k contains the extension Q[v/—1]. Recall the following well-known construc-
tion from [32]. Let x1,%1, 21 be homogeneous coordinates in P2, let zo, o, 20 be
homogeneous coordinates in a second copy of P2, and let € be a 6-th root of —1.
Consider the rational map

¢ :Cq --+ Sg
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given by the quadratic forms
[T129 : Y129 : EX921 @ EY221] ,
see page 98 in loc.cit. This rational map is not defined at 6 points (R;, R;),
where
Ri=(1:—€¢:0)
is a point on Cy for each index ¢ = 0,1,...,5. The composition of the blow up
or=er
at the points (R;, R;) with the rational map ¢ is regular. The group 6 acts on
CZ by the rule

¢ ((a,b,c),(a’,b,c)) = ((a,b,€c), (d,V, ec)),

and the fixed point locus of this action is exactly the set of 62 points (R;, R;)
described above. This is why the action of ug extends to the action on the blow
up CZ. Moreover, the the quotient surface

56 = ég /e
is smooth, see page 100 in [32]. Since the composition of the blow up morphism

from ég to CZ with the rational map ¢ is regular and pg-equivariant on source,
it induces a regular morphism from Sg onto Sg, such that the diagram

C? LS

commutes. Here ¢ is the quotient morphism, and the vertical morphism from
the right contracts 6 + 6 lines on the surface SG into points on Sg, so that g@ is
the blow up of the Fermat sextic Sg at 12 points, see Lemma 1.6 in loc.cit.

Let Ag, A and A be the diagonal classes on the surfaces, respectively, Se, C’g
and C?. Assume the motive M (Sg) decomposes essentially, and consider two
essential mutually orthogonal idempotents Ay and =, such that

A= Rt 3,
in CH?(Sg x Sg). The morphism
1 s _
—'F¢ : M(Cﬁz) —>M<Sﬁ>

has a section

The correspondences

| ~
HZE'FEEOAOOF@,
-1 -

AZE'F%OAOOFQZ)?
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é:é-rgoéoor¢,
induce the decomposition
(22) M=A+Z,
and the corresponding splitting
My = M3z + Mz,

where M can be viewed as the image of the motive M (Ss) under the embedding
of M(Sg) into M(C2).

Since C? is the blow up of C2 at a finite collection of points, the motive M(C3)
is a direct sum of the motive M(CZ) and a finite number of copies of the Lef-
schetz motive I, and the transcendental motive MZ2(C3) can be identified with
the transcendental motive M2(C2). The correspondence II induces a correspon-
dence TT on C2 x C2, and the decomposition (22) in CH?(C2 x C2) induces the
corresponding decomposition

I=A+Z,
of IT into two mutually orthogonal projectors in CH?(CZ% x C2)g. Moreover, there
exist integral correspondences

H07 A07 EO € CH2(O62 X 062)7

such that ) .
HZE'HD, AZEAO and

(1]

Let
Mp = My & Mz
be the corresponding splitting in C(k)q.
The surface Sg is p-maximal, see Proposition 7 in [7], whence

dim(M2(Sg)) = 20 .

The action of pg on C’g extends the action of yg on CZ, and S is the quotient of
é’g by pg. The standard properties of group action on algebraic cycles (see, for
example, Proposition 2.4 in [34]) give us that the motive M(Ss) is pg-invariant
inside M (Cs). The numerical and homological equivalence for codimension 2
algebraic cycles with coefficients in Q coincide, see [25]. The group H'(Cg) splits
into g = 10 direct summands corresponding to the morphisms f;, i = 1,...,10.
Using the Kiinneth formula for the appropriate Weil cohomology theory H*, one
can easily show that the action of y6 on the numerical motives 7Tj; preserve the
diagonal sum @&¢_,T;. Since the dimension of the latter is 20, and the motive
My is pg-invariant inside M2 (C2), we obtain that

10
T, — BT,
i=1
inside M2 (C2).

In other words, the transcendental motive of the surface Sy lives at the diagonal
of the transcendental motive of the product Cg x Cg, if we divide the relevant
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projectors by 6. Moreover, since the motive M (CZ) is an integral direct summand
of the motive M(C?), it follows that there are two integral correspondences

Dy, Uy € CH2(062 X Cg)

such that the correspondences

1 1
b=—-.-O UV=—.7y
6 0> 6 0
are mutually orthogonal idempotents in CH?*(C? x C%)q,
A=d+ T,

and the splitting
M?(C§) = Ma,, © My,
cuts out the diagonal @glﬂi in to two non-zero components.

It means, that we are exactly in Case 1 of the proof of Theorem 21. The
only difference is that the mutually orthogonal idempotents ® and ¥ cutting
the diagonal @%glﬂi in to two nontrivial pieces are not integral but rather the
divisions of integral correspondences by 6.

Using Lemma 1 and acting in the same way as in Case 1 of the proof of
Theorem 21, we obtain four subsets

U, Uy, Wo , Weg C I?,
where
I={1,...,10},
I’P=Ix1I,
I?=UsUUy = We UWy

the unions are disjoint, such that

(23) 3-id = (2€Wq> + er) + (2€W\P + GUq)) s
1

(24) 2ew, + eu, = 6 a,
1

(25) 2€W‘11 + €Uy = 6 b s

and the endomorphisms a and b are integral endomorphisms of the Jacobian J.

For simplicity of notation, let U and W be the preimages of Uy and Wg
respectively under the diagonal map from I to I?, and let W/ = I ~. W and
U’ =1~ U. The equalities 23, 24 and 25 can be now re-written as

(26) 3-id = (26W + €U) + (26W/ + EU/) ,
1
(27) 26W+6U:6'6L,
1
(28) 26W/ -+ Eyr = 6 . b s
Let also

U:24:{i€U|n7;:24}
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and, similarly,
U/:24:{Z€U/|TLZ:24}

Now, since I? is the disjoint union of U and U’, at least one of the sets U_qgy
or UL,, is nonempty. Suppose first that they both are nonempty. Then, since
all together there are 3 idempotents e; with n; = 24, it follows that either U_o4
or UL,, consists of one element, say

U_oy = {7} .
In that case (27) yields
Qe + oo - el = -
ewt g er=cra.

Multiplying both sides by 24, we obtain the eqiality
e=4-a—2-24-ey .

Since n; divides 24 for any index i € I, we obtain that the norm-endomorphism
¥ is divisible by 2 in End(.J), which contradicts the criterion 5.3.4 in [8].

Therefore, one out of the two sets U_o4 or U’,, consists of three numbers 7, 8
and 9, and the second one is empty, say

U:24 = {7,8,9} and U/:24 = @ .

Let
A={ieU|n;,=4or6}
and
B=U_y={icU]|n =24}.
Then

1
26W—|—6A+GB:6-CL,
which implies
24-2-ew+24-e4+24-eg=4-a.

As n; divides 24 for any index ¢ € I, and the result of division of 24 by 4 or 6 is
even, the latter equality yields

(29) €9+ el + ey = 2c

for some ¢ from End(/J).
Next, for any two indices ¢ and j from I, the morphisms

f$C—>EZ and ijC—>Ej

induce a morphism

fijZC%EiXEj.
The image Cj; of the morphism f;; is a smooth projective curve of genus 2 whose
Jacobian is isogenous to E; x Ej. Let e;; be the uniquely defined symmetric

idempotent in Endg(.J) corresponding to the factor E; x E; under the isogeny
between J and F; X ... Ejg (see Theorem 5.3.2 in [8]). Then

1
0
nij
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where e?j is the norm-endomorphism of the abelian subvariety £; + E; inside J,
and

nij = deg(fi;) -
Clearly, n;; divides both n,; and n;.
Since
€i; =€ t+ €
in Endg(J), we obtain

1 1 1

0 0 0
_‘eij _.ei_|__.ej.
nij n; TLj

Suppose that n; equals n;. In such a case the latter equality implies that
m-e?j:e?—i-e?,
where m is the quotient of n = n; = n; by n;;. Since n;; is strictly smaller than
n, it follows that m > 1.
This happens when i and i are two indices from the set {7,8,9}. For example,
(30) e+ ey =m - el

and m divides 24. If m is even, then (29) and (30) imply that eg is divisible by
2 in End(J), which contradicts to 5.3.4 in [8]. Therefore, m is odd. Since m
divides 24, we see that m must be 3, and we obtain

ed+eg=3-es.
Similarly,

e +eg=3- e
and

e3+eg =3¢ .
Solving the system of equations

€Y +ed =3 - el

) +e)=3-¢€

€Y + ey =3 - el
with regard to €9, €3 and eJ, we obtain
(31) 2-eg =3 w,
where

W = egg — ey + €5y
in End(/). Dividing (31) by 24 yields
1

2'68:§"UJ.

Multiplying by 8, we obtain
16-es =w € End(J) .

This contradicts to Proposition 12.1.1 in [8]. This finishes the proof of the theo-
rem. O
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6. TWO MOTIVIC CONJECTURES AND CUBIC HYPERSURFACES IN [P°

In the previous sections we gave the definition of essential indecomposability
of the Chow motive of a smooth projective variety, which can be viewed as
integral (in)decomposability of the transcendental motive in case of a smooth
projective surface over a field. Then we showed examples of surfaces whose
transcendental motive is rationally and hence integrally indecomposable. These
are abelian surfaces isogenous to the self-products of elliptic curves with complex
multiplication (Proposition 14), algebraic K 3-surfaces whose motives are known
to be finite-dimensional, such as the Fermat or Weil quartic surface S, in P3, all
in characteristic 0, see Proposition 15 and Remark 16. We proved Theorem 21
(Theorem A in Introduction) leading to an explicit example of a surface, the self-
product of the Fermat curve of degree 6, whose motive is rationally decomposable
but integrally not. Although in the latter example we used the fact that the
surface has maximal Picard rank, we do not think that this is essential regarding
the integral indecomoposability property of MZ2(S). Finally, we proved Theorem
B which asserts that the transcendental motive of the Fermat sextic in P? is
also integrally indecomposable. The latter striking example suggests that the
following motivic conjecture may be true.

Motivic indecomposability conjecture. The transcendental motive
of a smooth projective surface over a field of characteristic 0 is integrally
indecomposable.

This is, of course, a motivic analog of the Hodge-theoretic indecomposability
conjecture due to Kulikov, [24], which is known to be false for the Fermat sextic
in P, see [2].

We will also need another motivic conjecture due to Kimura and O’Sullivan,
which asserts that all motives in C(k)g are finite-dimensional, see [1]. Notice
that this conjecture is verified only for motives of abelian type, i.e. objects of
the full subcategory in C(k)g additively and tensorially generated by motives of
curves, see [22]. Our aim is now to show that if the motivic indecomposability
conjecture is true, and if the motives of all smooth projective surfaces are finite-
dimensional, i.e. the Kimura-O’Sullivan conjecture is true for surfaces, then a
very general cubic fourfold in P? is not rational.

So let X be a smooth cubic fourfold hypersurface in P° over an algebraically
closed field k of zero characteristic. Since deg(X) < 5, the hypersurface X is
rationally connected, whence

Fix a point Fy on X. Then
o = [P() X X] ,

7T1:0,

_1 3%
Ty = — -
2 37 77

7T3:07
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8
= Ax — E 7;  (no explicite construction) ,

=0

i#4
7T5:07
1 o 3

Te = =

[§ 3 Y Y
’7T7:0

and
7T8:[XXPO].

This gives the corresponding splitting
MX)=1oL’o M (X))o L@ L®

in C(k‘)@
Let po be the rank of the algebraic part in H*(X), for the smooth cubic
hypersurface X in P°. Choosing 2-cycles

Dy,....D

ey p2

and their Poincaré dual cycles

D,,....D

p2 0
exactly in the same way as we do it for surfaces, one can easily construct the
splitting

M*(X) = M}

alg(X) S Mé"(X) 9
in C(k)q, where
M4

alg

(X) = Lo

i.e.
p2

W;ng = Z[DZ X D;] :
i=1
Clearly, each copy of the Lefschetz motive IL is the motive (X, D; x D}, 0), and
the transcendental motive ML (X) is given by the projector

g -
Let also
1 4
71f)mm AX—§~Z’}/4]X’}/],
=0
and let
4 4
Mprim(‘X) = (X7 Wprim? 0)

be the primitive part of the motive M (X), see [23]. If the cubic X C P® is very
general, the results in [39] show that
P2 = 1 )
whence
Then, for a very general cubic X, we get
MY(X) = L*” @ M,

prim

(X) .



MOTIVIC OBSTRUCTION TO RATIONALITY 43

Moreover, if X is very general, then
Endg(H*(X)prim) = Q ,
i.e. the rational Hodge structure on the middle primitive cohomology is inde-
composable, see Remark 2.6(a) in [38] and Lemma 5.1 in [37].
Notice that if we could know that the motive M (X)) is finite-dimensional, the

absence of phantom submotives in finite-dimensional motives would guarantee
that the motive M2 (X) is rationally, a fortiori, integrally indecomposable.

Theorem 23. If the motivic indecomposability conjecture is true, and if the
motive of any smooth projective surface is finite-dimensional, then a very general
cubic fourfold hypersurface in P° is not rational.

Proof. So, let again X be a very general cubic hypersurface in P° over C. Suppose
that X is rational, and consider the corresponding birational map
P*--s X .
Resolving the indeterminacy locus, we get a regular dominant morphism
f:Yy—=X

over k, where Y is obtained by a chain of blow up operations at points, curves
and surfaces, starting from P4,
A crucial geometric argument is this. Let

F =F(X)
be the Fano variety of the cubic X. By the result of Voisin, there exists a surface
FyCF,

such that any two points on F{, are rationally equivalent on the fourfold F', see
[35]. Moreover, for any line L on X, such that its class [L] in F sits on the surface
Fy, the triple line 3L is rationally equivalent to the third intersection power,
3L =77,
of the general hyperplane section 7 of the cubic X, see Lemma A.3(v) in [29]. It
follows that the class v of the hyperplane section in CH'(X) is divisible by 3.
Therefore, the splitting
MX)=1aL’s M (X)o L@ L®

is integral.

The morphism f is generically 1 : 1 and dominant. Therefore, the composition
Iyo F} is the identity automorphism of M (X) in the integral category C(k). In
other words, f yields the embedding

fr=T%: M(X) = M(Y),
which integrally splits M (X) from M (Y'), and therefore
M(Y) = f{(M(X)) o N

in C(k), where f*(M(X)) is the submotive in M(Y') cut out by the projector
I ol'fonY.
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Suppose we sequentially blow up sy points, s; curves Cf,...,Cs, and sy sur-
faces S1,...,Ss, over k. Then the latter motive splits integrally as

M) =MP*)® My ® M, ® M,

where
M=o, (LeLl’aL’),
My = (&L, M(C)) @ (Lo L?)
and
As it was shown in [24], there exists an index iy € {1,..., s}, such that the

pullback under the morphism f of the transcendental Hodge structure of the
cubic X, being twisted by 1, is an integral sub-Hodge structure in the tran-
scendental Hodge structure of S;,. More importantly, this integral sub-Hodge
structure does not equal to the whole transcendental Hodge structure of S;,.
Next, the integral splitting

(32) M(Y) = f{(M(X))®N
induces the integral splitting
(33) M (Sig) = (f* (M3 (X)) © T) @ (N, ® T)

in the category N(k)q.

The motives of curves are finite-dimensional by Theorem 4.2 in [22]. Since
we assume that the motives of smooth projective surfaces are finite-dimensional,
we have in particular that the motives M (S;) are all finite-dimensional. Then
the motive M (Y") is finite-dimensional, and, of course, the motive M (X) is also
finite-dimensional.

As the cubic X is very general in P°,

MA(X) = M}

prim(X) )
and this motive is indecomposable by Lemma 5.1 in [37] and the absence of
phantom submotives in finite-dimensional motives, which is due to Kimura’s

Proposition 7.5 in [22]. Lemma 3 in [24] gives that
Nio 7é 0 )
so that both summands in (33) are nontrivial.
In terms of correspondences, the splitting (32) induces an essential decompo-
sition
A=A+Z
of the diagonal class A into two orthogonal idempotents in N2(S;, x S;,), such
that
7T-tzr(Sio) = Atr +Zu
in Endg(Mg(Si,)),
(M,

prim

(X)) ®T = Mjg and N, ® T = Mz
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n N(/{Z)Q
Since the motive M(.S;,) is finite-dimensional, all numerically trivial endomor-
phisms of M (S;,) are nilpotent by Proposition 7.5 in [22]. The standard lifting
idempotent property gives that there exist two orthogonal idempotents
A, 2 e CH*(S;, x Sy,) ,
such that

[1]

N=A, Z'=

and

A=AN+Z
in CH?*(S;, X S;,). Therefore, we may assume that A and = are orthogonal
idempotents from the very beginning. In such a case,

Toe(Si) = Ay + Eir

in Endg(M2(S;,)), and we obtain the corresponding integral decomposition
M (S;,) = My & Mz

in C(k)g, such that

M, A = My
and

Mz = Ms .
Since these two numerical motives are nontrivial, we get a contradiction with the
indecomposability assumption. O

Remark 24. As it was rightly pointed out to me by Alexander Kuznetsov and
Mingmin Shen, it is essential that in Theorem 23 we have to assume motivic
finite-dimensionality and integral indecomposability of MZ2(S) for all smooth
projective surfaces S over C, not only for surfaces in P*. The reason for that is
that when we sequentially blow up points, curves and surfaces, starting from P4,
each next centre of blowing up is contained in the result of the preceding blow
up. Therefore, even if the next center is a surface S, a priori S can be contained
in the exceptional divisor of the preceding blow up at a point or curve, in which
case the projection of S to P is not a surface in P*.

REFERENCES

[1] Y. André. Motifs de dimension finie. Séminaire Bourbaki. Volume 46, Talk No. 929
(2003-2004) 115 - 146

[2] A. Auel, C. Béhning, H.-C. Graf von Bothmer. The transcendental lattice of the Fermat
sextic surface. Mathematical Research Letters. Vol. 20, No. 6 (2013) 1017 - 1031

[3] A. Auel, J.-L. Colliot-Thélene, R. Parimala. Universal unramified cohomology of cubic
fourfolds containing a plane. Preprint arXiv:1310.6705

[4] J. Ayoub. Motives and algebraic cycles: a selection of conjectures and open questions.
Hodge theory and L2-analysis. Adv. Lect. Math. Vol. 39. Int. Press, Somerville, MA
(2017) 87 - 125

[5] J. Ayoub. Topologie feuilletée et la conservativité des réalisations classiques en car-
actéristique nulle. Preprint, April 2018

[6] J. Ayoub. Topologie feuilletée et la théorie de Galois différentielle. Preprint, April 2018



46

[7]

8]
[9]

[10]

VLADIMIR GULETSKII

A. Beauville. Some surfaces with maximal Picard number. Journal de I'Ecole polytech-
nique. Tome T (2014) 101 - 116

Ch. Birkenhake, H. Lange. Complex Abelian Varieties. Springer 2004

C. Bohning, H.-C. Graf v. Bothmer, P. Sosna. On the derived category of the classical
Godeaux surface. Advances in Mathematics 243 (2013) 203 - 231

C. Bohning, H.-C. Graf v. Bothmer, L. Katzarkov, P. Sosna. Determinantal Barlow sur-
faces and phantom categories. Journal of the European Mathematical Society. Volume
17, Issue 7 (2015) 1569 - 1592

S. Bloch. Lectures on Algebraic Cycles. Duke University Math. Series IV. Durham, NC.
Duke University 1980

S. Bloch, V. Srinivas. Remarks on correspondences and algebraic cycles, American Jour-
nal of Mathematics, Vol. 105, No. 5 (1983) 1235 - 1253

J.-L. Colliot-Thélene, A. Pirutka. Hypersurfaces quartiques de dimension 3: non ratio-
nalité stable. arXiv:1402.4153 To appear in Annales Scientifiques de 1’Ecole Normale
Supérieure

H. Clemens, Ph. Griffiths. The intermediate Jacobian of the cubic threefold. Annals of
Mathematics. Second Series 95 (2) (1972) 281 - 356

S. Gille. On Chow motives of surfaces. J. reine angew. Math. 686 (2014) 149 - 166

S. Gorchinskiy, V. Guletskii. Motives and representability of algebraic cycles on three-
folds over a field. Journal of Algebraic Geometry. Vol. 21, No. 2 (2012) 347 - 373 (with
Corrigendum in Journal of Alg. Geom. Vol. 22 (2013) 795 - 796)

S. Gorchinskiy, V. Guletskii. Non-trivial elements in the Abel-Jacobi kernels of higher
dimensional varieties. Advances in Mathematics. Volume 241 (2013) 162 - 191

S. Gorchinskiy, D. Orlov. Geometric Phantom Categories. Publications mathématiques
de 'THES. Volume 117, Issue 1 (2013) 329 - 349

U. Jannsen. Motives, numerical equivalence, and semi-simplicity. Inventiones mathe-
maticae 107 (1992) 447 - 452

U. Jannsen. Motivic Sheaves and Filtratins on Chow Groups. In ”Motives”, Proc. Sym-
posia in Pure Math. Vol. 55, Part 1 (1994) 245 - 302

B. Kahn, J. Murre, C. Pedrini. On the transcendental part of the motive of a sur-
face. Algebraic cycles and motives, Vol. 2. London Math. Soc. Lecture Note Series 344.
Cambridge Univ. Press. Cambridge (2007) 143 - 202

S.-I. Kimura. Chow groups are finite dimensional, in some sense. Math. Ann. Vol 331,
No. 1 (2005) 173 - 201

S.-I. Kimura. A note on finite dimensional motives. Algebraic Cycles and Motives. Vol.
2. LMS Lecture Note Series 344. Cambridge Univ. Press (2007) 203 - 213

V. Kulikov. A remark on the nonrationality problem for generic cubic fourfolds. Mat.
Zametki. Vol. 83, No. 1 (2008) 61 - 68

D. Lieberman. Numerical and Homological Equivalence of Algebraic Cycles on Hodge
Manifolds. American Journal of Mathematics. Vol. 90, No. 2 (1968) 366 - 374

J. Murre. On the motive of an algebraic surface. J. fiir die reine und angew. Math. Bd.
409 (1990) 190 - 204

J. Murre. On a conjectural filtration on the Chow groups of an algebraic variety I & II.
Indag. Math. 4 (2)(1993) 177 - 201

J.-P. Serre. Représentations linéaries des groupes finis. Hermann, Paris 1967

M. Shen. C. Vial. The Fourier transform for certain hyperkéhler fourfolds. Mem. Amer.
Math. Soc., Volume 240, no. 1139 (2016)

A. Shermenev. The motive of a Weil hypersurface. Mathematical notes. Volume 12,
Issue 5 (1972) 770 - 773

T. Shioda. Algebraic cycles on certain hypersurfaces. Lecture Notes in Mathematics
1016 (1983) 271 - 294

T. Shioda, T. Katsura. On Fermat varieties. T6hoku Math. Journ. 31 (1979) 97 - 115
P. Tzermias. The group of automorphisms of the Fermat curve. Journal of Number
theory 53 (1995) 173 - 178

V. Voevodsky. A Nilpotence Theorem for Cycles Algebraically Equivalent to Zero. IMRN
International Mathematics Research Notices 4 (1995) 187 - 199



MOTIVIC OBSTRUCTION TO RATIONALITY 47

[35] C. Voisin. On the Chow ring of certain algebraic hyperkéhler manifolds. Pure Appl.
Math. Q. Volume 4, Number 3 (2008) 613 - 649

[36] C. Voisin. Unirational threefolds with no universal codimension 2 cycle. Invent. math.
201 (2015) 207 - 237

[37] C. Voisin. On the universal CHy group of cubic hypersurfaces. ArXiv:1407.7261v2

[38] Y. Zarhin. Hodge groups of K3 surfaces. J. Reine Angew. Math. 341 (1983) 193 - 220

[39] Y. Zarhin. Algebraic cycles over cubic fourfolds. Boll. Un. Mat. Ital. Vol. 7, No. 4-B
(1990) 833 847

DEPARTMENT OF MATHEMATICAL SCIENCES, UNIVERSITY OF LIVERPOOL, PEACH
STREET, LIVERPOOL L69 7ZL, ENGLAND, UK

E-mail address: vliadimir.guletskii@liverpool.ac.uk



